Abstract-Low-frequency high voltage ac transmission scheme has recently been proposed as an alternative approach for bulk power transmission. This paper proposes a multi-period optimal power flow (OPF) for a multi-frequency HVac transmission system that interconnects both conventional 50/60-Hz and lowfrequency grids using back-to-back converters with a centralized control scheme. The OPF objective is to minimize system losses by determining the optimal dispatch for generators, shunt capacitors, and converters. The OPF constraints include the operational constraints of all HVac grid and converter stations. The resulting mixed-integer nonlinear programing problem is solved using a proposed framework based on the predictor-corrector primaldual interior-point method. The proposed OPF formulation and solution approach are verified using a multi-frequency HVac transmission system that is modified from the IEEE 57-bus system. The results with the optimal dispatch from the proposed method during a simulated day show a significant loss reduction and an improved voltage regulation compared to those when an arbitrary dispatch is chosen.
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II. INTRODUCTION
Recent developments of flexible alternating current transmission system (FACTS) and control techniques greatly affect power system infrastructure and operational characteristics. Compared to the conventional high-voltage alternating current (HVac) transmission systems, converter-based high-voltage direct current (HVdc) systems have shown unique benefits in transmitting bulk electric power from remote generation stations to load centers. HVdc systems offer unrestricted point-to-point long-distance transmission capability, reduced conductor loss, narrower right of way, and the ability to interconnect ac systems with different operating frequencies. Such advantages, however, cannot justify for the lack of reliable system protection devices, which impedes the feasibility of flexible and reliable multi-point interconnection capability as in HVac systems.
Recently, low frequency HVac (LF-HVac) has been proposed as an alternate solution for HVac and HVdc systems. LF-HVac systems combine the advantages of the two existing technologies, such as high power-carrying capability over long distance, straightforward ac protection system, and the use of multi-terminal networks [1] - [3] . In [4] , it is shown that a significant reduction in reactance at low frequency benefits LF-HVac transmission systems in terms of low-load and full-load voltage profiles. Voltage stability and system dynamic response following a disturbance are also improved in LF-HVac systems compared to conventional HVac systems [5] [6] . The possibility of implementing 16.7 Hz LF-HVac transmission for practical offshore wind farms in Europe is investigated in [7] and [8] .
Similar to HVdc systems, an LF-HVac system requires power converters for connection to a conventional 50/60-Hz HVac system, which forms a multi-frequency power system. Besides frequency conversion, these converters offer additional control capability in the entire transmission system. Specifically, the power flow transfer between two buses in the LFHVac and 50/60-Hz systems, i.e. the power sent to one bus from the other one, is controlled by the power set point of the converter between the two buses. In addition to the 1 arXiv:1908.02832v2 [eess.SY] 13 Aug 2019 c 2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this work in other works.
existing generators and shunt capacitors, the converters in an interconnected multi-frequency HVac transmission system can be considered as additional control resources to achieve an optimal operation with minimum system losses or generation cost. Unlike shunt capacitors, that reactive power from the converters are able to adapt to the fast dynamics of demands makes them superior in providing ancillary services such as voltage regulation. A generalized optimal power flow (OPF) model for multi-frequency HVac transmission systems incorporating converter model, control, and losses is thus needed to further optimize system operation subjected to operational constraints and demand variations. Towards this end, several research has been done. The design of a grid-forming control for back-to-back (BTB) voltage-source converters (VSC) to maintain a stable offshore voltage for a long LF-HVac system is discussed in [9] . In [10] , the control and coordination of BTB converters to form an LF-HVac grid and connect to a standard 50/60-Hz HVac and HVdc grids are presented. A generalized unified power flow (PF) formulation in polar coordinates and solution for such a multi-frequency HVac -HVdc power system are also included. With the inclusion of BTB converters connecting two systems at different frequencies, PF can be solved using sequential or unified approaches [11] - [13] . The latter is more convenient to be implemented in solving OPF problems. To the best knowledge of the authors, however, no research has been done to solve OPF in multi-frequency HVac power systems.
In conventional 50/60-Hz HVac systems, OPF is characterized as a nonconvex mixed-integer nonlinear programing (MINLP) problem. Existing approaches to solve this OPF for conventional HVac systems include linearization, relaxation, and nonlinear programing. Linearization methods suffers poor solution accuracy in spite of the availability of reliable solvers. On the other hand, the solution obtained from relaxation methods might be unable to recover the solution of the original problem [14] - [16] . The third approach addresses the exact nonlinear model of power system, so the accuracy and feasibility of the obtained solution is guaranteed. This approach, however, is non-polynomial hard, and it only guarantees local optimum in near real-time applications.
One of the most effective methods for solving nonconvex NLP problems is the predictor-corrector primal-dual interior point method (PCPDIPM) [17] - [19] . Several widely-used open-source NLP solvers such as IPOPT were developed based on this method [20] . However, the derivative approximations used in these interior-point-based solver may seriously degrade the performance of the solver [20] , [21] . In addition, their applications are limited to NLP and not applicable to MINLP problems. On the other hand, MINLP solvers such as BON-MIN implement branching algorithms to efficiently handle discrete variables [22] . However, these algorithms might take more time and iterations to converge than the interior point algorithm.
As an extension of the existing works on the emerging LFHVac transmission technology, the main contributions of this paper are:
• A multi-period OPF formulation for the optimal operation of a multi-frequency HVac transmission system employing . . . BTB converters with a centralized control scheme. The optimal dispatch of generators and BTB converters as well as capacitor switching pattern are determined to minimize the system losses, subjected to comprehensive operational constraints of ac grids and converter stations.
• An exact formulation of Hessian matrices corresponding to converter constraints that is required in a developed solution framework based on PCPDIPM. In addition, compared to [10] , the OPF formulation is written in rectangular coordinates to take the advantage of the constant Hessian matrices of nodal power balance constraints. The derived Hessian matrices and the formulation in rectangular coordinates thus reduce the computational burden and convergence time for real-time applications. Since the formulated OPF is nonconvex, this approach only guarantees a local solution. The proposed OPF model and solution can be used for both operational and planning analysis of bulk power transmission systems from remote generation units to conventional 50/60-Hz HVac systems with an embedded LF-HVac system. This framework is also able to extend to include HVac -HVdc interconnections.
III. SYSTEM STRUCTURE AND CENTRALIZED CONTROL FOR BTB CONVETERS This section focuses on the modeling of BTB converters employing a centralized control in a generalized multi-frequency HVac system similar to the one shown in Fig. 1 . Fig. 2 shows the model and control of each BTB converter in Fig. 1 , which consists of two VSC denoted as VSC 1 and VSC 2 . These converters have identical structures and electrical components such as a transformer, a shunt capacitor, a phase reactor, and switching valves. These two converters share a common dc-link capacitor, which acts as an intermediate energy storage component and allows decoupled operation of converters VSC 1 and VSC 2 . Each VSC converter can be c 2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this work in other works. Fig. 2 . A BTB converter is used to connect an LF-HVac grid to a 50/60-Hz HVac grid: the system configuration, the interface between the two grids, and the main control blocks.
A. Steady-State Model of BTB Converter Stations
thought of as a synchronous machine without inertia. Assuming converter voltagesV c1 andV c2 contain no harmonic, each VSC converter is represented as a controllable voltage source behind an impedance [11] . The impedancesZ T 1 andZ T 2 ,Z f 1 andZ f 2 , andZ c1 andZ c2 represent the transformer leakage impedances, shunt capacitor impedances, and the phase reactor impedances, respectively, at both side of the BTB converter.
B. Operation Modes and Coordination of BTB Converters with Centralized Control in Multi-Frequency HVac Systems
As described above, the operations of VSC 1 and VSC 2 are decoupled by keeping the dc-link capacitor voltage V dc,k constant. At each side, the active and reactive power injected or withdrawn from the corresponding ac grid are also controlled independently [23] , [24] . The real power control target for P When n BTB converters are used as power flow controllers between HVac grid s and LF-HVac grid l, as shown in Fig.  1 , the following operating modes are proposed to regulate the power, dc-link voltage, and/or ac voltage magnitude of the ac bus at each side of n-1 BTB converters:
• Converter VSC 1 , which is connected to HVac grid s, is set to regulate active and reactive power (PQ mode) or active power and voltage magnitude at the k th bus in HVac grid s (PV mode). This means that P and V s,k in PV mode are the input for the OPF analysis.
• Converter VSC 2 , which is connected to LF-HVac grid l, is set to regulate the dc-link voltage and to control either reactive power (QV dc mode) or the terminal voltage magnitude (VV dc mode). This implies that either Q conv l,k in QV dc mode or V l,k in VV dc mode is a known quantity while P conv l,k is unknown and needs to be determined. This approach does not apply to one particular BTB converter, which varies the unknown reactive power Q conv l,sl at the VSC 2 side to control the voltage magnitude V l,sl at the slack bus of LF-HVac grid l. VSC 2 also regulates the active power P conv l,sl flowing toward VSC 2 from the slack bus. However, the set point of P conv l,sl is unknown since it depends on the losses in LF-HVac grid l. Since the phase angle reference is lost due to the intermediate dc stage in the ac/dc/ac conversion, the phase angle of the slack bus in LF-HVac grid l is considered to be zero. On the other hand, VSC 1 side of this BTB converter controls the reactive power Q is unknown since it depends on the unknown active power P conv l,sl , on the Joule losses due to the real parts ofZ T 1 , Z c1 ,Z T 2 , andZ c2 , and on the switching losses in VSC 1 and VSC 2 . Note that the ac bus connected to the VSC 1 side of this converter does not need to be the slack bus of HVac grid s.
IV. OPF FORMULATION IN LF-HVAC POWER SYSTEMS
WITH BTB CONVERTERS This section proposes an OPF formulation in the rectangular coordinates to determine the optimal dispatch of generators, shunt capacitors, and converters for minimizing system losses in a generalized multi-frequency system described in Section III.
A. Variables
In rectangular coordinates, the state variable x includes the real and imaginary parts (e s , f s ) of bus voltages in HVac grid s and (e l , f l ) in LF-HVac grid l. The decision variable u includes the dispatch of generators and shunt capacitors in HVac grid s (P ) are the other components of u. The combined variable vector of the proposed OPF problem is thus defined as follows:
B. Weighted-sum Objective Functions
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minimizing the system losses is equal to minimizing the sum of active power generated from all generators in HVac grid s and LF-HVac grid l. The objective function of the optimal power flow is thus defined as follows:
where Q are the dispatch during the previous time step of the shunt capacitor at bus k in HVac grid s and LF-HVac grid l, respectively.
C. Constraints of HVac Grid s
The equality constraints g P Q s in HVac grid s, representing the active and reactive power balance at all buses, are given by:
The power P s,k and Q s,kk injected into HVac grid s at bus k in (3) are as determined follows:
where G s,k: and B s,k: are the the k th row of the conductance and susceptance matrices G s and B s . The magnitude of voltage-controlled buses is constrained as follows:
The inequality constraints in HVac grid s include the generation limits of all generators, which are given as follows:
The dispatch Q sh s,k of the shunt capacitor at bus k belongs to a set Q sh s,k with multiple discrete values:
The voltages at load buses are limited by lower and upper bounds as follows:
The line flow constraint, which represents the thermal limit of the line between bus k and bus j, is given as follows:
To guarantee the system stability, the active power flowing between bus j and bus k is also limited as follows:
D. Constraints of LF-HVac Grid l
Assuming LF-HVac grid l does not serve any loads, the equality constraints g P Q l in HVac grid l, representing the active and reactive power balance at all buses, are given by:
where the real power P l,k and the reactive power Q l,k injected into LF-HVac grid l from bus k in (11) are obtained with an expression similar to (4). Similar to HVac grid s, voltage constraints (5) at voltagecontrolled buses, wind generation limits (6), capacitor dispatch constraint (7), line current limits (9), and line power limits (10) apply for LF-HVac grid l.
E. Constraints of BTB Converters
To simplify the expression, several equations in this section are shown in polar coordinates. With the power and current directions in Fig. 2 , the currentsĪ s,i withdrawn from HVac grid s andĪ l,i injected into LF-HVac grid l as well as the voltages at the shunt capacitors are calculated as follows:
Converter currents and voltagesĪ c1,k ,Ī c2,k ,V c1,k , andV c2,k at each side of the BTB converter are determined as follows:
The Joule and switching losses P J1,i , P sw1,i , P J2,i , and P sw2,i at each side of the BTB converter are calculated as follows [11] , [25] :
where R T 1,k , R T 2,k , R c1,k , and R c2,k are the winding resistances of the transformers and phase reactors while a 0 , a 1 , and a 2 are given coefficients. The power balance equation g P cl,k at BTB converter k connecting HVac grid s and LF-HVac grid l is obtained from the relationship between P conv s,k , P conv l,k , and the Joule and switching losses:
By substituting (12)- (14) and ignoring the capacitive element (as in the modular multilevel converter technology), (15) can be rewritten in rectangular coordinates as follows:
where
For control design and stability analysis, it is important to take into account the capability constraints of each VSC converter. These constraints are normally converted into equivalent constraints of voltage and power at the ac terminal in order to be easily embedded in optimal power flow algorithms.
1) The RMS converter current I c1,k in (13) is limited by an upper bound I max c,k to protect switching devices from thermal overheating [25] :
Without the shunt capacitive element, (17) simplifies to:
The similar inequality is obtained for VSC 2 as follows:
2) The rms converter voltage V c1,k is also limited by the voltage V dc,k across the dc-link capacitor to avoid overmodulation [25] , [26] :
, while the value of the coefficient k m depends on the pulse-width modulation (PWM) technique. For sinusoidal and space-vector PWM, which are the two most popular PWM techniques, k m is equal to 0.61 and 0.71, respectively. Noticing the difference in the power convention at two sides of the BTB converter in Fig. 2 , an inequality is obtained for VSC 2 as follows: 3) The reactive power absorbed by the converter is also limited with respect to its rated apparent power S rated :
where the coefficient k Q is project-specific [26] , [27] . The convex feasible operating region of converter VSC 1 , which is enclosed by the three limits described above, is shown in Fig. 3 .
F. Loss Minimization Problem in Multi-Frequency AC Systems
Considering the objective and all constraints formulated above, the optimal power flow problem in multi-frequency ac systems implementing BTB converters can be defined as follows:
The equality constraint (23a) is combined from (3), (5), (11) , and (16). The box inequality constraint (23b) is combined from (6), (7) , and (22) . The functional inequality constrain (23c) is combined from (8)- (10) and (18) - (21) . If a lower or upper bound in (23b) or (23c) is missing in the original inequality, a sufficiently large dummy constant is inserted. Since the feasible of (23) is nonconvex and the variable vector includes discrete variables, (23) is a nonconvex MINLP problem.
V. SOLUTION APPROACH
This section describes an efficient solution approach to solve the formulated multi-period MINLP problem (23) in a generalized multi-frequency power system. The flowchart of this modified PCPDIPM method is shown in Fig. 4 .
The developed framework has two main loops. The inner loop solves for the optimal dispatch of generators, shunt capacitors, and BTB converters in a time step, while the outer loop is the repetition of the inner loop for multiple time steps in a given time horizon. The linkage between two consecutive time steps is that the solution of subsequent time step depends on the shunt capacitor banks in service at the previous time step.
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Within a time step, as shown in Fig. 4 , the solution of (23) is obtained based on the PCPDIPM. The PCPDIM is a NewtonRaphson-based method where the variable update in each iteration is determined as the solution of a system of linear equations Ax = b. While solving such a system of equations can be done efficiently by using a sparse linear solver, forming A and b in the context of OPF is computationally expensive for a large transmission system. This computational burden results from iteratively updating a high number of the Jacobian and Hessian matrices corresponding to the power balance equations (3), (11) , and (16). This paper takes the advantages of constant Hessian matrices of all power balance constraints (3) and (11) in HVac and LF-HVac grids by formulating the OPF problem in rectangular coordinates. Therefore, these matrices are pre-calculated once and without any approximations for the entire multi-period OPF. In addition, a compressed sparse row (CSR) format is used for storing only the nonzero entries in these highly sparse and large matrices so that this step is applicable in a normal computer memory capacity. Unlike (3) and (11), both the Jacobian of Hessian matrices of the power balance constraints (16) in BTB converter stations are not constant. The exact forms of these matrices are derived and shown in the Appendix, and their values need to be updated every iteration.
Another challenging issue when adopting the conventional PCPDIPM is that it cannot guarantee a global optimum for a nonconvex problem. Therefore multiple starting points, which include both a flat start and warm starts, are used in this work to improve the quality of the final solution. The warm Fig. 4 . Flow chart of the modified PCPDIPM method to solve the formulated multi-period OPF problem in a multi-frequency HVac system. starts, which strictly satisfy all inequality constraints of (23) , are generated from a separately developed PF tool for multifrequency power system [10] . The final solution is chosen as the one with the minimum objective function.
As discussed above, the existence of discrete variables prevents the application of NLP solvers for the OPF problem (23) . In this work, the technique to deal with discrete variables in [18] is adopted. At the beginning, all variables are considered to be continuous. When the solution is about to converge, i.e the complementary is sufficiently small, the dispatch of shunt capacitors is forced to converge to the nearest discrete values by adding a penalty function to the objective function.
VI. CASE STUDY
This section demonstrates the benefits of the proposed formulation in Section IV and solution approach in Section V in minimizing system losses, capacitor switching operations, and voltage violations in a multi-frequency HVac system.
A. System Description
The studied multi-frequency HVac transmission system shown in Fig. 5 is modified from the IEEE 57-bus test system [28] . It consists of the original 60-Hz HVac grid and a 10-Hz LF-HVac grid operated at 138 kV and 500 kV, respectively.
The HVac grid consists of 57 buses, including one slack bus, 4 PV buses, and 37 load buses with a peak demand of 1464.3 MW. The normalized profile of the actual load at all buses are assumed to be similar and shown in Fig. 6 . This grid has 78 short and medium transmission lines. Two generators at Bus 8 and 12 in the original grid are removed and replaced by BTB converters A and B. The other BTB converters C, D, and E are connected to PQ Bus 52, 16, and 17, respectively. All of these 5 BTB converters are scheduled to transfer active power from the LF-HVac grid as well as to support reactive power to the HVac grid, as described in Section III. Four capacitor banks are located at Bus 18, 25, 31, and 53 as additional reactive 5 power sources with an initial dispatch at their maximum rating of 10.01, 9, 10, and 11.88 Mvar, respectively. The 10-Hz LF-HVac grid consists of 8 buses and 7 300-km transmission lines. There are 5 onshore BTB converters, and the converter at Bus 58, which is the slack bus of the LFHVac grid, regulates the voltage at this bus. The converters at offshore wind farms at PV Bus 59-61 are omitted to illustrate an application of direct power generation at low ac frequency. The maximum power generation from offshore wind farms is assumed to be constant in the simulated day.
The switching loss coefficients of the BTB converters described in Section IV-E are assumed to be identical, and they are shown in Table I . The other operating parameters of the BTB converters, which are used to determine their feasible operating regions, are shown in Table II .
B. Numerical Results
The system performances in the following cases are discussed and compared:
• Case 1: OPF is disabled, and the system operates based on a given power dispatch of generators, shunt capacitors, and BTB converters. With the variation of the load in the simulated day, the operating points of the system are determined from a PF solver developed for multi-frequency system [10] .
• Case 2: OPF is enabled with only generators and shunt capacitors as control resources. To relax the problem, capacitor switching penalty is not included in the objective function by choosing the weighted coefficients (α 1 , α 2 ) = (1, 0.0). • Case 3: OPF is enabled with all available power dispatch resources, i.e. generators, shunt capacitors, and BTB converters. To demonstrate the superiority of converter optimal control, capacitor switching is penalized by choosing (α 1 , α 2 ) = (1, 0.2). Fig. 7 shows the MW losses of the multi-frequency power system in three cases and the corresponding percentages Fig. 7 . System losses in the three studied cases in the simulated day. compared to the demand. It can be seen that the system losses are highest when OPF is disabled in Case 1 and lowest in Case 3 with all optimal power control resources. At the peak load, the system losses reduce from 4.86% in Case 1 to 2.59% and 1.84% in Cases 2 and 3, respectively. In addition, system losses in Case 3 are less sensitive to load changes with the optimal dispatch. Fig. 8 shows the maximum voltages at all load buses in the studied cases during the simulated day. While overvoltage appears in Case 1 with a chosen upper limit of 1.06 pu, the optimal dispatch of the generators, shunt capacitors, and BTB converters eliminates voltage violation in the system through out the day in both Cases 2 and 3. Fig. 9 shows the dispatch of the shunt capacitors at Bus 31 and 53 in Cases 2 and 3 without and with a penalty for capacitor switching, respectively. Besides lower system losses as shown in Fig. 7 , less capacitor switching operations at Bus 31 are needed in Case 3 compared to Case 2. The dispatch of the capacitors at Bus 18, 25, and 53 are constant at their respective maximum values. In addition, the dispatch of all c 2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this work in other works. capacitors converges exactly at their available discrete values at all time steps, which validates the efficiency of the solution approach in Section V in solving the formulated MINLP OPF. Fig. 10 shows the optimal dispatch of the generators at Bus 2, 3, and 6 in Case 3 during the simulated day. These profiles are consistent with the load characteristic shown in Fig. 6 . During the light load periods, the generators absorb reactive power to avoid overvoltages in the HVac grid. In the remaining periods when the demand is higher, the generators reduce reactive power absorption or inject reactive power to the HVac grid to increase grid voltage. Table III shows the optimal dispatch at both sides of the BTB converters and the corresponding ac voltages at the points of connection to the HVac and LF-HVac grids during the peak load in Case 3. Converter losses can also be obtained from this table. The red numbers denote the binding to the constraints described in IV-E of converter dispatch. The feasible operating regions and the binding operating points at the VSC 1 and VSC 2 sides of converters D and A are shown in Fig. 11 .
C. Convergence Analysis
The proposed solution approach in Section V is implemented in Python on an Intel Core i7-6700 processor with ; 32GB RAM to solve the OPF problem (23) . The convergence tolerance is set to 10 −6 pu for solution feasibility, objective function, and complementary gap. A flat start is used for both solving PF in Case 1 and OPF in Cases 2 and 3.
As shown in Fig. 4 , the constant Hessian matrices corresponding to the power balance constraints in rectangular coordinates are pre-computed and retrieved in each iteration. For the system shown in Fig. 5 , such an approach reduces approximately 90% of the computational time in each iteration in the modified PCPDIPM. Besides conventional constraints described in Section IV, the exact Jacobian and Hessian matrices of converter constraints (16) - (22) , derived and shown in the Appendix, can be incorporated in a solver to improve its efficiency and robustness [20] , [21] .
The computational times for 24 time steps and the corresponding average times per step in the three studied cases are shown in Table IV . The time in Case 1 is lowest since it is just for solving power flow. In all instances in Cases 2 and 3, the PCPDIPM performs well. The average run time per step of the most generalized OPF problem in Case 3 is approximately 1 second, which allows the proposed formulation and solution approach to be applied to larger power systems. Table V shows a comparison about the objective function and number of iterations of the modified PCPDIPM method, NLP solver IPOPT, and MINLP solver BONMIN [20] , [22] . The comparison is applied to two multi-frequency systems, including the system shown in Fig. 5 , without capacitor switching penalty. It can be seen that IPOPT converges faster than BONMIN, but the capacitor dispatch is unable to converge to their practical discrete values. Although the capacitor dispatch converges exactly to discrete values when using BONMIN, this solver requires the highest number of iterations to converge in both studied systems. The modified PCPDIPM described in Section V requires the lowest number of iterations and also guarantees the discrete convergence of capacitor dispatch as BONMIN. Such an improvement is due to the use of exact Hessian matrices and predictor-corrector method. The solutions, including objective function and all continuous and discrete variables, from the modified PCPDIPM and BONMIN c 2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this work in other works.
closely match each other.
VII. CONCLUSION This paper proposes a multi-period OPF formulation and solution for a multi-frequency HVac transmission system that interconnects conventional 50/60-Hz and low-frequency grids using BTB converters. Besides transferring bulk power from remote generation units, the converters are considered as control devices in addition to the existing generators and shunt capacitors to minimize system losses, capacitor switching operations, and voltage violations. A comprehensive MINLP formulation is proposed, taking into account the control and losses of BTB converters. The formulated problem is efficiently solved by a developed framework based on the PCPDIPM algorithm, addressing the discrete nature of variables. The proposed approach is verified by a multi-frequency system modified from the IEEE 57-bus system. With the obtained optimal dispatch, the results show a significant 3% loss reduction during peak load condition and elimination of voltage violations through out the simulated day. The solution framework performs fast and robustly in all studied cases and time steps due to the use of the exact forms of the Jacobian and Hessian matrices corresponding to the operational constraints.
VIII. APPENDIX This section shows the exact symmetric Hessian matrices corresponding to constraints (16) - (22) , while the corresponding Jacobian matrices can be found from the PF study in [10] . Since the formulations are similar for both VSC 1 and VSC 2 sides, the grid notations s and l associated with 60-Hz HVac and LF-HVac grids, respectively, are dropped. These formulations can also be adopted directly in OPF analysis of hybrid HVac -HVdc systems implementing single-stage ac/dc VSC converters.
• Constraint (16):
where:
• Constraints (18) and (19):
• Constraints (20) and (21):
• Constraints (22): All Hessian matrices are zero matrices.
